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Abstract 

An expression of the multivariate sigma function associated with a (n,s)-curve 
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1 Introduction 



One of the prominent features of Weierstrass' elliptic sigma functions is their algebraic 
nature directly related to the defining equation of the elliptic curve. Klein [TS], [T9] 
extended the elliptic sigma functions to the case of hyperelliptic curves from this point 
of view. Since they are defined, it had been one of the central problems to determine 
the coefficients of the series expansion of the sigma functions. This problem was studied 
mainly by making linear differential equations satisfied by sigma functions [25 | |26 | I4"t |5| [6| 
[7] , by making non-linear equations [3] for genus two and by using algebraic expressions 
[T51 [T§1 [T3]. To determine a solution of linear differential equations it is necessary 
to specify an initial condition which requires separate consideration. Therefore the 
expansion was mainly studied for the sigma functions with non-singular even half periods 
as characteristics. 

Recently Klein's sigma function is further generalized to the case of more gen- 
eral plane algebraic curves called (n, s)-curves by Buchstaber, Enolski and Leykin 
[H [TOl [TTJ [121 [8]. They made an important observation that the first term, with respect 
to certain degree introduced in the theory of soliton equations, of the series expan- 
sion of the sigma function, which corresponds to the most singular characteristic, is 
described by Schur function. Although such connection is expected from the theory 
of the KP-hierarchy [2~4l [H], a concrete description of the degeneration of the quasi- 
periodic solutions to singular curves has not been done before. In order to establish the 
connection to Schur functions Buchstaber et al. [10] have developed the rational theory 
of abelian integrals and characterized Schur functions by Riemann's vanishing theorem. 
Moreover Buchstaber and Leykin [8J have proposed a system of linear differential equa- 
tions satisfied by sigma functions, which is independent of characteristics. Combining 
those results is expected to be effective for the further study of sigma functions with sin- 
gular characteristics. Unfortunately a basic formula ( the formula (4) in [H]), on which 
some of results of [H [10] including the assertion related to Schur functions mentioned 
above depend, is not correct. 

The purpose of this paper is to generalize Klein's algebraic formulas for the hy- 
perelliptic sigma functions to the case of (n, s)-curves and is to establish the relation 
with Schur functions directly, that is, without using the results of |10l [11] . The sigma 
function, in this paper, signifies the sigma function with Riemann's constant as its 
characteristic [9]. 

The heart of the algebraic formula for the extended sigma function is in the formula 
for the elliptic sigma function given by Klein [18) . Therefore let us briefly explain it. Let 
a{u) and p{u) be Weierstrass' sigma and elliptic functions associated with the periods 
2a>i, 2u 2 . Consider two variables u\, u 2 and set pi = (xi,yi) = (p(ui), p'(ui)). They are 
points on the elliptic curve y 2 = 4x 3 — g 2 x — g%. By making use of the addition theorem 
for p(u) the bilinear form 

u) = p(u 2 — U\)du\du 2 
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can be written in an algebraic form as 

22/1J/2 + 4xix 2 (xi + x 2 ) - g 2 {xi + x 2 ) - 2g 3 
oj = - -, dx 1 dx 2 . 

%iy 2 (xi - x 2 y 

With this Q the elliptic sigma function is expressed as 



X\ — x 2 ( 1 



P2 rp2 



a(u 2 - Mi) = exp - / / u ), (1) 



where pi = (xi, — j/»). What is remarkable for this formula is that the sigma function is 
expressed by the algebraic functions and the integral of the algebraic differential 
form Q. This formula very clearly manifests the algebraic structure of the sigma func- 
tion. For example, prescribing degree 2i to one can deduce that the coefficients of 
the series expansion of cr(u) at the origin become homogeneous polynomials of g 2 and 
gs directly from this formula without using differential equations. 

For higher genus curves one needs to introduce g variables in the sigma function. 
Already in the case of genus one it is possible to introduce arbitrary number of variables. 
In fact the generalized addition formula due to Frobenius and Stickelberger makes it 
possible to express the "n-point function" in terms of the "2-point function": 




n£=i vim ~ v i) det {P {1 1) (^))i< iij < 2jV 



Ui<3 a ( u i - u^aivj - nf i= i (p(vj) ~ p(ui)) ' 

where in the determinant we set u^ + j = —Vj, 1 < j < N. This formula suggests how 
one should increase the number of variables in the sigma function in general. 
Consider the algebraic curve X defined by 

y n -x s - W = 0, 

ni+sj <ns 

with n and s being relatively coprime integers satisfying 2 < n < s. We call it a (n, s) 
curve. If it is non-singular its genus is g — l/2(n — l)(s — 1). The sigma function for 
X is defined as the holomorphic function on C 9 which satisfies certain quasi-periodicity 
and normalization conditions (see (|43|) . (|44p ). It can be considered as a holomorphic 
section of some line bundle on the Jacobian J(X) of X or as a multi-valued holomorphic 
function on J(X) whose multivalued property is specified by the quasi-periodicity. In 
turn it can also be considered as a symmetric multi-valued holomorphic function on 
X 9 through Abel-Jacobi map. More generally we construct a symmetric multi-valued 
holomorphic function on X N with the required quasi-periodicity properties for any 
N> 1. 

The building block of the formula is the prime function which is a certain modifica- 
tion of the prime form [16J. It takes a similar form to the right hand side of ([!]): 



E(pi,p 2 ) = =exp 
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for certain algebraic bilinear form cD, where {p^°\ ...,p ( - n_1 ^} is the inverse image of 
p = p(°) by the map x : X — > P 1 , x : (x,y) t— > x. It is skew symmetric and has the 
same transformation rule as that of the sigma function when one of the argument goes 
round cycles of X. Therefore this function can be considered as something like the 
sigma function restricted to the Abel-Jacobi image of X x X although the restriction 
of the sigma function itself vanishes identically. Then the function on X N (N > 3) is 
constructed in a form suggested by Frobenius-Stickelberger's formula using the "2-point 
function" E(p\,p2). In this way the problem of constructing the sigma function reduces 
to finding certain meromorphic function on X N . This problem is solved for (n, s)-curve. 

To write explicitly the formula we need to describe a basis of meromorphic functions 
on X which are singular only at oo. Prescribe degrees n and s to x and y, order the 
functions x l y\ i>0,0<j<n — 1 from lower degrees and name them as f\ = 1, f'2, 
fs,... Then the formula for the sigma function takes the form (Theorem [2]): 

o (j^ j* = Cn Mn Fn > 

where du is the vector of a basis of holomorphic one forms ({12]) . Cn is an explicit 
constant (|62|) and 

riv 



M, 



N 



Dn 

IL<,- Wft) - <v)) n - 2 nf=i ni<,< n -i (y(?J°) - vi&) 

D N = det (MPj))^^, 



N 



where we set 



pjv+(n-i)(fe-i)+i = Qk ' l<k<N, l<j<n-l. 



In the case of hyperelliptic curves of genus g, that is, the case of (n, s) = (2, 2g + 1), 
F N = D N , qjp = (x, —y) for q k = (x,y) and the formula coincides with that given by 
Klein p]. 

It follows from this formula that, prescribing degrees ns — ni — sj to A^-, the Tay- 
lor coefficients of the sigma function become homogeneous polynomials of \j and the 
first term, with respect to certain degrees, of the expansion of the sigma function is a 
Schur function corresponding to the partition determined from the gap sequence at 00 
(Theorem [3]). 

The plan of the present paper is as follows. In section 2 necessary facts on Rie- 
mann surfaces and related objects on them such as flat line bundles, prime form and 
normalized bilinear form are reviewed. The meromorphic functions and differentials on 
(n, s)-curves are studied in section 3. The Important object here is the algebraic bilinear 
form Q. The existence of it is proved in section 3.3 and the relation with the symplectic 
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basis of the first cohomology group of a (n, s)-curve is given in section 3.4. In section 
4 the properties of Schur functions are reviewed. The sigma function of a (n, s)-curve 
is defined and studied in section 5. After giving the definition and an analytic expres- 
sion of the sigma function in section 5.1, an algebraic expression of the prime form is 
given in section 5.2. In section 5.3 the prime function is introduced and its properties 
are established using those of the prime form. The algebraic expressions of the sigma 
function are given in section 5.4. Theorems [1] and [2] are main results of this paper. In 
section 5.5 the series expansion of the sigma function is studied and the proportionality 
constants in the proofs of main theorems are determined. Examples of (2, 3) curve and 
more generally (2,2g + 1) curves are given in section 5.6 lnd 5.7. In section 6 some 
comments are given. 

2 Preliminaries 

2.1 Riemann's Theta Function 

Let r be a g x g symmetric matrix whose imaginary part is positive definite and a, b G M 5 . 
Riemann's theta function with characteristics t {a,b) is defined by 



e 



a 
b 



exp (7ri*(n + a)r(n + a) + 2m{n + a){z + b)) . 



n&La 



The theta function with zero characteristic is simply denoted by 6(z). We list here some 
of the fundamental properties of Riemann's theta functions, (i) 



e 



a 
b 



[z + m 1 + rm 2 ) 



exp (27ri(*ami — l bm2) — ni t m2Tm2 — 2 r Ki t m,2z) 



a 
b 



[z)i mi, m 2 E Z. (2) 



a 
b 



(- z ) = (-if ab 9 



a 
b 



(z), a,be-Z a 



(3) 



in 



a 
b 



exp (vri'ara + 2'K% t a[z + b)) 9(z + ra + b). 



(4) 



2.2 Flat Line Bundle 

We briefly review some fundamental facts about Riemann surfaces and the description 
of flat line bundles on them. We refer to [TH [17] for more details. 
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Let X be a compact Riemann surface of genus g, X the universal cover of X and 
7r: X — > X be the projection. We fix a marking of X. It means that we fix a base 
point p on X, a base point p on X which lies over p and a canonical basis {aij, (5j} of 
7Ti (X, p ) j • Then the covering transformation group can be canonically identified with 
tti(X, p ). For k — 0, 1, a holomorphic A;-form on X can be identified with that on X 
which is 7Ti(X, po)-invariant. 

Let dvj, 1 < j • < g be the basis of holomorphic one forms normalized as J dvj = 5ij 

and t the period matrix, r = (f^ dvi). Set dv = t (dv\ ) ...,dv g ). The Jacobian variety 
J(X) is defined by J(X) = C 9 /rZ 9 + IP. 

Let S k X = X k /S k be the A;-th symmetric product of X. An element of it can be 
considered as a positive divisor on X of degree k. We denote by I k the Abel-Jacobi 
map with the base point p : 

k 

h : S k X — J(X), I k ( Pl + ■ ■ ■ + p k ) = dv. 

i=l ^po 

Then J(X) can be identified with Pic°(X) of linear equivalence classes of divisors of 
degree zero by Abel-Jacobi map: for A = Ylt=iPi^ = Yli=i 9») 



J:Pic°(X) — > J(X), 

B-A » I{B-A)=I d {B)-I d {A). 

We sometimes use I k for the map X k — >■ J(X). 

A flat line bundle on X is described by a representation x '■ 7r i(A, po) — > C*, where 
C* is the multiplicative group of non-zero complex numbers. Namely a meromorphic 
section of the line bundle defined by x is described by a meromorphic function F on X 
which satisfies 

F{lP) = x{l)F{p). 

Since C* is abelian, the image x(l) of 7 G 7Ti(X,p ) depends only on the image of 7 in 
the homology group Hi(X, Z), which we call the abelian image of 7. 

Two representations xi an d X2 defines a holomorphically equivalent line bundle if 
and only if 



Xi(t)X2(t) 1 = ex P {^f "J 



for some holomorphic one form u and any 7 G 7Ti(X,po). 

The Jacobian variety can also be identified with the set of holomorphic equivalence 
classes of flat line bundles on X. The flat line bundle corresponding to the degree zero 
divisor A — B with A, B positive divisors as before, is described by 

X(tti) = 1, x(Pi) = ex P (^J a dv ^j » ( 5 ) 
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where 




with the path from pi to g; being specified. Another choice of paths gives an equivalent 
line bundle. We denote the equivalence class of this bundle by C a , where a = J^dvG 
J(X). 

For aGP there exists a unique set of vectors a', a" G M. 9 such that 

a = ra + a . 

The vector t (a',a") is called the characteristic of a. We sometimes identify a with its 
characteristic. Let t (a',a") be the characteristic of dv G C 9 , where the integration 
paths are specified. Then the function on X 

0(J* dv + ra' + a" + e) 
P0 <>{& dv + e) ' 

is a meromorphic section of C a corresponding to \i where e G C 9 is taken such that 
numerators and denominators are not identically zero as a function of p. 

There exists a unique unitary representation for each equivalence class of line bun- 
dles. The unitary representation for C a is given by 

x'(o£j) = exp(2ma' j ), x'(Pj) = exp(-2ma'j). (6) 

A Meromorphic sections of C a corresponding to x' is given by 

e\ a ](gdv + e) 
9(gdv + e) ' 

where e satisfies the same conditions as before. 
2.3 Prime Form 

Let So be Riemann divisor for the choice (po, {ai,/3j}) and L the corresponding holo- 
morphic line bundle of degree g — 1. For a G J(X) set L a = C a ® L . 

There exists a non-singular odd half period a [22l [16] . By Riemann's theorem there 
is a unique divisor p% + ■ • • + p g -\ such that 

a=Pi H \-Pg-i - So, 

in J(X). Considering the function 9[a](J y dv) we see that the divisor of the holomorphic 
one form 

i=l 1 
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is 2^2iZiPi- Since a is non-singular, there is a unique, up to constant, holomorphic 
section of L a which vanishes on p\ + ■ ■ ■ + p g _i. Thus there exists a holomorphic section 
h a of L a such that 

^(p) = E^(«)^(p). 

i=l 1 

We use the same symbol h a for the pull back of h a to X. Then the prime form pT6|, [22l [Tj 
is defined as 

9[a}(f p2 dv) 
h a {pi)h a {p 2 ) 

By construction it vanishes to the first order at 7r(pi) = 7r(p 2 ) and at no other divisors. 
Let iTj : X xX — ► X be the projection to the j-th component and I 2 : X x X — > J{X) 
Abel-Jacobi map. Then E(pi,p2) can be considered as a holomorphic section of the line 
bundle 7t*Lq 1 (g> tt^Lq 1 ® If 6 on X x X, where 6 is the line bundle on J{X) defined 
by the theta divisor G = {9(z) = 0}. Notice that the prime form does not depend on 
the choice of a. 

We list some fundamental properties of the prime form. 

(i) E(p 2 ,pi) = -E(pi,p 2 ). 

(ii) E(p 1 ,p 2 ) = 7r(pi) = n(p 2 ). 

(iii) For pel take a local coordinate t around p. Then the expansion in t(p 2 ) at t(p\) 
is of the form 



£(pi,p 2 )\M(pi)^(p 2 ) = t{p 2 ) - *(pi) + O ((t(p 2 ) - t(pi)) 3 ) . 
(iv) Consider the function 

E(p,Pi) 

for pi,p 2 G X. If the abelian image of 7 G 7Ti(X,p ) is Sf=i m i,i a i + Sf=i m 2,iA 



F{lV) — ex P ^ — 2ni t m 2 J dv^j F{p) 



where m ; = t (m i 1, m 



i,9 J 



2.4 Normalized Fundamental Form 

Let Kx be the canonical bundle of X. A section of 7r*Xx ® n 2 Kx is called a bilinear 
form on X x X and a bilinear form w(pi,p 2 ) is called symmetric if w(p 2 ,pi) = w(pi,p 2 ). 
Since 

#°(X x X, ir^Kx <8> 7T 2 *X X ) ~ 7r*iJ (X, X x ) ® vr 2 *# (X, X x ), 
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any holomorphic symmetric bilinear form can be written as 

^2c ij dv i (p 1 )dv j (p 2 ), Cij = c jh (8) 

where cy's are constants. 

We denote by A the diagonal set of X x X: 

A = {( P ,p) \ P e X}. 

Definition 1 A meromorphic bilinear form u(pi,p2) on X x X is called a normalized 
fundamental form if the following conditions are satisfied. 

(i) u(j>i,p2) is holomorphic except A where it has a double pole. For p e X take a local 
coordinate t around p. Then the expansion in t(pi) at t{p 2 ) is of the form 

u(pi,p 2 ) = Cjtfej -t(p 2 )) 2 + regula ^j dt (Pi) dt (P2)- (9) 

(ii) / uj = 0, where the integration is with respect to any one of the variables. 

Normalized fundamental form exists and unique. It can be expressed explicitly using 
the prime form as [IE] 



w(pi,P2) = d^dpz log E(p u p 2 ), (10) 
where pi = 7r(pi). Integrating this formula we get 
Proposition 1 fTb\ [7?| / For a, b,c,d£ X , 

E(b, d)E(a, c) 
E(a,d)E{b, c) 



b r d 



vxp \ I J 



3 (n, s) curve 
3.1 Definition 

For relatively coprime integers n and s satisfying s > n > 2 consider the polynomial 

/!•'••//): //'-•'•'- A ^V- (11) 

in+js<ns 

Let X aff be the plane algebraic curve defined by f(x,y) = 0. We assume that X aff 
is non-singular. Denote X the corresponding compact Riemann surface which can be 
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considered as X completed by one point oo. The point oo becomes a ramification 
point with the ramification index n. The genus of X becomes g = 1/2 (n — l)(s — 1). 
Hereafter we take oo as a base point and fix a marking of X, (oo, do, {aj, /3j}). 
A basis of holomorphic one form on X is given by 

x a;-l n-l-ft;^ 

^ = — , (12) 

h 

where {(a^ftj)} is the set of non-negative integers satisfying 

r sb — 1. 

l<6<n-l,l<a< . 



n 

and ordered as — na\ + sb\ < ■ ■ ■ < —na g + sb g [10J. This order is specified in such a 
way that the order of zeros at oo is increasing. 

■ -i i 1 dx 1 xdx 

Example du g = — — , du g _ x = — — . 

Jy Jy 

3.2 Meromorphic Functions on X 

The space of meromorphic functions on X which are holomorphic on X\{oo} coincides 
with the space of polynomials of x and y. We describe a basis of this space. Let 
Wi < ■ ■ ■ < w g be the gap sequence at oo. It means that there is no meromorphic 
function on X which has poles only at oo of order u^. Then 

Lemma 1 [10] (i) W\ = 1 and w g = 2g — 1. 

(ii) Let = w\ < ■ ■ ■ < w* be integers such that {w*, Wi\i = 1, ...g} = {0, 1, 2g — 1}. 
Then (2g - 1 - w\, 2g - 1 - w*) = (w g , tui). 

Notice that {w*} are non-gaps between and 2g — 2. 

A local parameter t around oo can be taken in such a way that 

*=^, y = ^(l + 0(t)). (13) 

In particular x and y have poles at oo of order n and s respectively. For a meromorphic 
function h oia X we denote by ordoo h the order of poles at oo. Then 

ordoo x l y 3 = ni + sj. 

Let L(koo) be the vector space of meromorhic functions on X which are holomorphic 
on A\{oo} and have poles at oo of order at most k. Set L(*oo) = U^ =0 L(/coo), which 
is the space of meromorphic functions on X holomorphic outside oo. A basis of L(*oo) 
is given by 

xY, i>0, < j < n - I. (14) 
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There are exactly 0-gaps in the set {ord 00 x t y : '}: 

^>o\{ ni + sj \i > 0, < j < n — 1 } = {wi < • • • < w g 
Let fi be the monomial basis (fT4"|) such that 

= ordoo/i < ordoo/ 2 < ord^ < ■ ■ • . 
In particular A = 1, f 2 — x. By Riemann-Roch theorem 

dim L((N + g -l)oo) = N for N > g. 
Explicitly, using the local coordinate t, we have 



= (1,3, ..,20- 1), «, ...,«;*) = (0,2, 4, ..,20-2), 



(n,s) = (3,4), = 3: 

(tw x , iw 2 , w 3 ) = (1, 2, 5), (w*, w*, w*) = (0, 3, 4), 
(A, /2, •••) = (1, ar, y, a; 2 , xy, y 2 , x 3 , x 2 0, xy 2 , ...). 

(n,s) = (3,5),0 = 4: 

(w 1: w 2 , w 3 , w A ) = (1, 2, 4, 7), w*, w* 3 , wl) = (0, 3, 5, 6), 

(A, /2, •••) = (1, x, y, x 2 , xy, x 3 , y 2 , x 2 y, x 4 , xy 2 , x 3 y, ...). 

(n,s) = (3,7), = 6: 

K, -^e) = (1, 2, 4, 5, 8, 10), {w{, .., <) = (0, 3, 6, 7, 9, 10), 
(A, A, •••) = (1, x, x 2 , 0, x 3 , xy, x 4 , x 2 y, y 2 , ...). 

(n,s) = (4,5),0 = 6: 

K, -^e) = (1, 2, 3, 6, 7, 11), K, .., <) = (0, 4, 5, 8, 9, 10), 
(A, A, •••) = (1, x, y, x 2 , xy, y 2 , x 3 , x 2 y, xy 2 , ...). 



In terms of A the holomorphic one form dui is simply described as 




Notice that ordoo f g = 2g — 2. 



Example (n, s) = (2, 20 + 1): 



(A, A, •••) = (1, x, .., x 9 , y, x 9+1 , xy, x 9+2 , x 2 y, ...). 




i<i<g. 



By Lemma [T] (ii) we have, around oo, 



d Ul = {t Wi ~ l + 0{t Wi )) dt. 
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3.3 Algebraic Fundamental Form 

A meromorphic symmetric bilinear form which satisfies the condition (i) of Definition [1] 
can explicitly be constructed in terms of algebraic functions. Such algebraic form plays 
a central role in the construction of the sigma function. 
Let pi = (xi,yi), i = 1,2 and 

En— 1 i r f(z,w) l I 
j=0 Vli w i+i \+\(z,w)=(x 2 ,y 2 ) , 

\ x l x 2)Jy\Pl) 



where 



[^2a n w n ] + = ^a n w r 

ngZ n>0 



Consider 



u(pi,p 2 ) = d P2 Q(p 1 ,p 2 ) + Vci Ui;i2] 1 1 2 2 dx x dx 2 , (17) 

where (ii, Ji) runs over (aj — 1, n — 1 — bi), 1 < i < g and z - 2 > 0, < j 2 < n — 1, Ci-tjr&h 
's are constants. Assign degrees as 

deg Xij = ns — ni — sj, deg x = deg dx = n, deg y = s. 

Proposition 2 (i) If c^-ki is taken such that uj{pi,p 2 ) = ^(P2,Pi) then to defined by 
(11) satisfies the conditions (i) of Definition^ 



(ii) There exists a set of Citfrjzh suc ^ that u)(pi,p 2 ) = Q(p 2 ,pi), non-zero Ci^i^ is a 
homogeneous polynomial of {A^} of degree 2sn — n{ii + i 2 + 2) — s(ji + j 2 + 2) and 
c hjv,i2j2 =0 if - n{i x +i 2 + 2) - s(j 1 + j 2 + 2) < 0. 

Notice that, if we take Ciijrtoh as * n m ^ ne proposition, then u) becomes homo- 
geneous of degree 0. For the proof of the proposition we need several lemmas. 

Let B be the set of branch points for the map x : A — > P 1 , (x, y) 1— > x. For p G A 
set x~ 1 (x(p)) = {p(°\ with p = p(°\ where the same i s listed according to 

its multiplicity. 

Lemma 2 The one form Q(pi,p 2 ) is holomorphic except A U {(p^\p)\p G S,i 7^ 0} U 
A x {00} U {00} x A. 

Proof. It is sufficient to prove that f2 does not have a pole at p\ = p 2 \i 7^ 0, for p 2 B. 
Let P2 = {x 2 ,y 2 ^) and 

n 

f{x,y) = ^2f j {x)y i , f n = l. (18) 
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Then, for % 7^ 0, 



71—1 n / \ 71—1 



fc=0 k=0 j>k+l 



© 



f(x 2l y 2 ) - f(x 2 ,y 2 

(*) 

2/2 —2/2 



(19) 



where we use y 2 7^ y| , * 7^ which follows from the assumption 02 ^ B. Thus is 
holomorphic at p\ = p%\ i 7^ as desired. 1 

Lemma 3 Let p £ B,t a local coordinate around p andti = t(pi). Then the expansion 
of Q in t 2 at t\ is of the form 

n (Pi>^) = + " Mi- (20) 

Proof. Since p B one can take local coordinate around p. Therefore it is 

sufficient to prove 

E y * ^Jfc+i 1+I(*.«0=(«i.yi) = fy( x ^yi)- ( 21 ) 



fc=0 



Let us write f(x,y) as in (1151) . Then the left hand side of (12"TI) is equal to 



n-1 



£2/1 £ fc 1 = ^2jfj( x i)y( 1 = f v (xuyi)- 

k=0 j=k+l j=l 



Lemma 4 The meromorphic bilinear form d p2 Q(pi, p 2 ) is holomorphic except AU{(p^',p)\p E 
5,i^0}Ulx{oo}. 

Proof. Due to Lemma [2] it is sufficient to prove that d P2 fl(pi,p 2 ) is holomorphic at 

(00,02), 7^ 00. 

Let t be the local coordinate around 00 such that x = l/t n , y = (l/t s ) (1 + 0(t)) 
and ti = t(pi). Then at (00,02), 02 7^ 00, the expansion of Q in ti takes the form 

dt 

n = -^(i + o(*x)). 
ti 

Thus d P2 f2 is holomorphic at (00,02), 02 7^ 00. 1 
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Lemma 5 There exist second kind differentials dri, 1 < % < g which are holomorphic 
outside {00} and satisfy the equation 

9 

u(pi,P2) ~ dp 2 Q(pi,p 2 ) = ^2dui(pi)dri(p 2 ). (22) 

i=l 

Proof. Let us set 

wi(pi,p 2 ) = w(pi,p2) - d P2 tt(p u p 2 ). 

By Lemma [2], [21 IH and the singularities of U\ are contained in _B 2 UX x {00}, where 
5 2 = {(&W,&)|6 G 5\{oo},0 < z < n-l}. Since 5 2 is a finite set and B 2 n(lx{oo}) = 
0, uj\ is holomorphic except X x {00}. Thus one can write, for p 2 7^ 00, 

9 

cJi(pi,p 2 ) = 2jd«i(pi)dfi(p2), 

i=l 

for some one forms dfi. Let us describe dfi more neatly in terms of u(pi,p 2 ). To this end 
let us take q\, q g G X\£> such that X//=i % i s a general divisor and qfs are in some 
small neighborhood of 00. Take the local coordinate t around 00 such that x = l/t n , 
y = (l/t s )(l + 0(t)) and write 

dui{p) = hi(t)dt, 
^i(pi,p 2 ) = K 1 (t(p 1 ),p 2 )dt(p 1 ). 

Then we have a set of linear equations 

9 

^2hi(t(qj))dfi(p2) = iiri(t(gj),p 2 ). 

i=l 

Since X]f=i * s a general divisor, det(hi(t(qj))) 7^ 0. Thus dfi can be expressed as 

dfii.Pi) = ^2c ij K 1 (t(q j ),p 2 ) 

for some constants, with respect to p 2 , Cij. 

Notice that Ki(t(qj),p 2 ) is a second kind differential whose only singularity is 00. In 
fact the coefficient of w(qj,p 2 ) of dt(p\) is a second kind differential due to the property 
(i) of us and d P2 Q(qj,p 2 ) is obviously of second kind. Thus Ki(t(qj),p 2 ) is a second kind 
differential. As already proved the only singularity of K 1 (t(qj),p 2 ) is p 2 = 00. 

Let us set 

d ri(p) = ^CijK^tiqj)^), 
i=i 
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which is a second kind differential singular only at oo, and set 

9 

co2{pi,P2) = uj 1 (p 1 ,p 2 ) - 22dui(pi)dfi(p 2 ). 

1=1 

Then u 2 = on X x (X\{oo}). Thus uj 2 = on X x X. Consequently 

9 



u(pi,P2) - d P2 tt(pi,p 2 ) = 22dui(pi)dri(p 2 ), 

i=l 

which proves the lemma. 1 

Proof of Proposition [B 
(ii) Let us write 

a P2 \i{p u p 2 ) = ~ dx x dx 2 . 

[X X - X 2 Yfy{p l )fy{p 2 ) 

It can be easily verified that ai 1 j 1 -i 2 j 2 £ ^[{-^m}] an d &i x j r Mh ^ s homogeneous of degree 
2(n - l)s - n(ii + i 2 ) - + j 2 )- 
On the other hand 

E x l Dl % 2 V 2 S( C *l— 2j'i;i2J2 2Cj 1 _i j j i; j 2 _i j j 2 + Cj 1) jf i; j 2 _2 J j 2 )x 1 X 2 t/ 2 

ilji;hj2 fy(pi)fy(p 2 ) ~ {X^WIMIM ' 

Thus to(j)x,p 2 ) = &(p2,Pi) is equivalent to 

Cji— 2,jx\i232 2Cj 1 _i ) j i; j 2 _i j 2 4~ j i; j 2 _2j 2 Ci 2 — 2 j 2 ;i 1 j 1 + 2Cj 2 _i j j 2; j 1 _i jj Cj 2 J2;il— 2,ji 

This is a system of linear equations for Ci 1 j 1 -i 2 j 2 whose coefficient matrix has integers as 
components. 

Lemma 6 Any meromorphic differential on X which is singular only at 00 is a linear 
combination of (x l yi / f y )dx, i > 0, < j < n — 1. 

Proof. Let 77 be a meromorphic differential which has a pole at 00 of order k and is 
holomorphic on X\{oo}. Consider the meromorphic function r\f y jdx. It has a pole only 
at 00 of order fc — (2g — 2) since the zero divisor of dxj ' f y is (2g — 2) 00. Any meromorphic 
function holomorphic except 00 is a polynomial of x and y. Thus 77 G C[x, y]dx/f y . 1 

By Lemma [5] and [61 the system of linear equations (123]) has a solution, that is, it 
consists of compatible equations. Moreover it has a solution such that each Ci 1 j l -i 2 j 2 is 
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a linear combination of cti'j'-i'j^ satisfying i\ + i 2 = i[ + i 2 + 2, ji + j 2 = j[ + j' 2 - m 
particular one can set c^-i^ = if 2ns — n{i\ + i 2 + 2) — + j 2 + 2) < and has 

degc ilji;i2h = 2ns - n(ii + i 2 + 2) - s(ji + j 2 + 2), 

if c^jy^fe is non-zero. | 

(i) It is sufficient to prove the property (i) for uj. By Lemma[5]<ip 2 f2(pi, p 2 ) is holomorphic 
except {{p, p)\p G X} U X x {oo} and so is cD. Since u(pi,p 2 ) = u(p 2 ,pi), u) does not 
have a pole at p 2 = oo and therefore is holomorphic except {(p, p)\p G X} where it has 
a double pole. 

Let us prove that the expansion of u) at the diagonal has the required form. Set 

h 1 

dr { = - ^ c ai -i,n-i-k;ki—^dx. (24) 

Then 



U) — LU 



^2 dv>i{pi){dri(p 2 ) - d?i(p 2 )). (25) 



Both hand sides of (1251) are meromorphic on X x X. The singularities of the left hand 
side are contained in {(p, p)\p G X} and those of the right hand side are contained in 
X x {oo}. Thus the possible singularity of a) — u is {oo} x {oo}. Therefore uj — uj and 
dri — dxi are holomorphic on X x X and X respectively. Then the required expansion 
of Q at (p,p), p £ X follows from Q) . | 

Take one set of Q 1Ji; j 2 j 2 satisfying (ii) of the proposition and define dti by ( |24l) . 
Notice that dti is a second kind differential. In fact dti = dri modulo holomorphic one 
form as is just proved and dri is a second kind differential by Lemma [5j We have 



£(Pi,P2) = d P2 n(p 1 ,p 2 ) + } j du i (pi)dr i (p 2 ). 

i=l 

Define period matrices ui,u 2 ,r]i,rj 2 by 



2^i. = j / dn, ) . 2u 2 = ( I dui ] , —277! = I / <lr > I • --'12 = ( / dr 



Notice that uj\ is invertible due to Riemann's inequality. We set r = uj x 1 cu 2 . It is 
symmetric and satisfies Imr > 0. 

3.4 Relation between u and u 

We give the relation between u and Q using the period matrices. 
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Lemma 7 Let u\ and uj 2 be meromorphic symmetric bilinear form satisfying the con- 
dition (i) of Definition^ Then 

9 

u 1 -u 2 = ^2 Cijdu i (p 1 )du j (p 2 ), (26) 
for some constants Cij such that Cij = c^. 

Proof. The left hand side of (12"6"1) is holomorphic symmetric bilinear form. Thus it can 
be written as desired by (JHI)- ■ 

Set 

du = t (dui, du g ). 



Lemma 8 We have 

uijPiiPz) = u(p!,p2) + t du(p 1 )r]iuY 1 du(p 2 ). 
In particular TjiU^ 1 is symmetric. 

Proof. By Lemma [7] 

9 

u-Q=J2 'MPi) Cdu{p 2 ), (27) 

where C = (cy) is a constant symmetric g x g matrix. Since f a u(p 1 ,p 2 ) = we have 

9 9 
y]rfMi(pi)fa)tt = y]c iJ dtt < (pi)(a;i)j-fc. 

i=l i=l 

Thus 

9 

(vi)ik = y^ y cjj(ui)jk, 
3=1 

and 

C = rjiUJi 1 . 
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3.5 Symplectic Basis of Cohomology 



For the sake of simplicity we call, hereafter, a meromorphic differential on X second 
kind if it is locally exact. In this terminology a first kind differential is of second 
kind, the space of differentials of the second kind becomes a vector space and the first 
cohomology group H l (X, C) is described as the space of second kind differentials modulo 
exact forms. 

The intersection form on H 1 (X, C) is given by 



where r], rf are second kind differentials, summation is over all singular points of rj and 
rf and Res means taking a residue at a point. 
Riemann's bilinear relation can be written as 



which means that {diti,drj} is a symplectic basis ofH 1 (X,C). 

Proof. It is sufficient to prove (I2"8"j) . since the linear independence follows from it. 

The relation dui o duj = is obvious. Let us prove du,i o drj = Sij. We calculate 
u{p\,P2) dujipz) in two ways. By Proposition [2] (i) 





Proposition 3 We have 



dui o duj = 0, , dui o drj = 6ij, 



dri o drj = 0, 





(29) 



On the other hand 




(■ 





(30) 



i=i 



Comparing (|2"9"|) and (13"0|) we have 



dri o duj = —S^, 



since {du^} are linearly independent. 
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Next let us prove dvi o drj = 0. Similarly to (1301) we have 

9 

w(pi,P2) ° ^(ft) = ^dUt(pi)(tZr< o tft-j-). (31) 

i=l 

Since duk o drj = 5kj as already proved, we have, using Lemma [SJ 

9 

u(pi,P2) ° drj(p 2 ) = Lo(p 1 ,p 2 ) o drj(p 2 ) - ' S ^2 l du i {pi){'q 1 u^ 1 )ij. (32) 

8=1 

Let us calculate u>{pi,p 2 ) o drj(p 2 ). By Riemann's bilinear relation 

2muj(p 1 ,p 2 ) o drj(p 2 ) = ^ ( / u; / drj - drj cuj 

k=l J Pk JPk / 

= 2j>i) ifc / (33) 

since f u; = 0. 
Lemma 9 VKe /jcwe 

/ a; = 2 7 rzV(2a; 1 )^ 1 ^(p 1 ), (34) 

where the integral of the left hand side is with respect to p 2 and (2o'i)^ 1 denotes the 
(k,i)- component of (2a>i) _1 . 

Proof. Similarly to (|29|) we have 

w(pi,P2) o d^ife) = -dui(pi), 

and similarly to (I3"3"j) 

9 



2wiuj(p u p 2 ) o dui(p 2 ) = -y^(2a>i)jfc / w 



fe=i 

The assertion of the lemma follows from these. ■ 



■om these. ■ 
Substitute (IMl) into (l33i) and get 

w(pi,P2) ° dr,(p 2 ) = ^(^{"^^^(pi). (35) 

i=l 

Then we have, by (I3"2"j) . 

S(pi,p 2 ) o dr j (p 2 ) = ^du i (p l ) ((m^T 1 )^ ~ (Vi^T^ij) , 

1=1 
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which becomes zero since 771^ 1 is symmetric by Lemma [HJ It follows from (I3TI) that 



dri o drj = 0. 



Due to the relation (|28p Riemann's bilinear equations take the form 



-Vi + V/i = 0, (36) 

-%UJ2 + t UJ2V2 = 0, (37) 

7TZ 

Y 



-^2 + ^2 = ~ — Ig, (38) 



where J 9 denotes the unit matrix of degree g. If we introduce the matrix 

M = 



those relations can be written compactly as 

4 Schur Function 

Let p n (T) be the polynomial of T 1; T 2 ,... defined by 

oo oo 

exp(^T n F) = J> n (T)A;", 

n=l n=0 

where k is a variable making a generating function [H] . 

Example p = 1, p x = Ti, p 2 = T 2 + -y, p 3 = T 3 + TiT 2 + 

A sequence of non-negative integers A = (Ai, Xi) is called a partition if Ai > - • • > 
A/. We set |A| = Ai + • • • + A;. Denote by A' = (A^, AJ/), V = Ai, the conjugate of A 
CSII: 



Ai = ttO'|Ay><}. 

For a partition A = (Ai, A/) define the polynomial S\(T) of Ti, T 2 , T 3 ,... by 

'S'a(T) = det(pA i -i+i(^'))i<i,i<«) (39) 
which we call Schur function. Notice that, for any r > 0, we have 

S {Xfir) (T) = S X (T) } (40) 

where (A,0 r ) = (A x , A,, 0, 0). 
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Example S {1) (T) = T u S (2A) (T) = -T 3 + 2 s^T) = T,T 5 - - ±T?T 3 + -^T? 
We prescribe the degree —i to Tf. 

degTi = -i. 

The following properties are well known (see for example [14]). 

Lemma 10 (i) S\(T) is a homogeneous polynomial of degree — |A|. 
^ 5 A (-T) = (-1)W5 V (T). 

For a partition A = (Ai, A;) we define a symmetric polynomial of t\, t 2 , ... U by 

det(^ +,_< )i< i) -<i 

s ^ = n i - r (41) 

which we also call Schur function. 
Two Schur functions are related by 

S x (T) = s x (t) ifT i = %l (42) 

If one takes I' > |A| for A = (Ai, A/), then the symmetric function Smqi'-j) (t) can 

be expressed uniquely as a polynomial of power sum symmetric functions Tj = — 3 ~ 1 J , 
1 < i < /'. This polynomial coincides with S\(T). 

We define a partition associated with a (n, s)-curve by 

A(n,s) = (w g , ...,wi) - (flf- 1,...,1,0). 

Then 

Proposition 4 JIT?) / 

(V S\(n,s)(T) does not depend on the variables other than T Wl , T Wg , that is, it is a 
polynomial of the variables T Wl , T w . 

(ii) A(n, s)' = A(n, s). 

(m)\\(n,s)\ = ±(n*-l)(s 2 -l). 

M S X{n>s) (-T) = (-1)^-1)^-1) Sxm( t) 

Notice that properties (iii) and (iv) follow from (ii) and Lemma [TU1 
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5 Sigma Function 
5.1 Definition 

Riemann's constant of a (n, s)-curve with the base point oo becomes a half period, since 
the divisor of the holomorphic one form du g is (2g — 2)oo. Let 

5"e{0,i}, 

be the characteristic of Riemann's constant 5 = 5q — (g — l)oo 6 J{X) with respect to 
our choice (oo, {on,(3j}). We define the degree of to be — wf 

deg Ui = -Wi. 




Definition 2 The fundamental sigma function or simply the sigma function o~(u) is the 
holomorphic function on C 9 of the variables u = t (ui, ■■.,u g ) which satisfies the following 
conditions. 

(i) a{u + 2uj imi + 2u 2 m 2 )/a{u) = (_i) t ™i™ 2 +2( t 5' mi -',5"m 2 ) 

x exp ( t (2g 1 m 1 + 2r] 2 m 2 )(u + coxmi + uJ 2 m 2 )) . (43) 

(ii) The expansion at the origin takes the form 

a{u) = S x{n>s) (T)\ Twi=Ui + h{u), (44) 

d 

where fd(u) is a homogeneous polynomial of degree d and the range of the summation 
is d < — |A(n, s)\. 

It is possible to give an analytic expression of a function satisfying the condition (i) 
in terms of Riemann's theta function. 

Proposition 5 [9j Let t = uJi 1 uj 2 . Then a holomorphic function satisfying is a 
constant multiple of the function 

((2cu 1 )- 1 M ,r). (45) 

The proposition can easily be proved using fl36l) . fl37|) . fl38l) and the uniqueness of 
Riemann's theta function 8(z) [2Tj . 

The existence of the sigma function is not obvious because of the condition (ii). In 
the succeeding subsections we shall construct the sigma function explicitly using the 
algebraic integrals. 



exp y- t ugioo 1 1 uj 6 



5' 
5" 
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5.2 Algebraic Expression of Prime Form 

In this section an algebraic expression of the prime form is given using the map x : 
X — ► P 1 , (x, y) i— > x. 

Let Bclbe the set of branch points of the map x, B' = B\{oo}, B = ti^ 1 (B) C 
X, B' = n~\B') B = x(B) CF 1 and & = x(B'). Let p G X and 7 be a path from 6b 
to p in X\B'. Then 7 = (x o is a path from 00 to (a; o 7r)(p). Let 7W be the lift 

of 7 to X\B' connecting pW to 00 and 7W the lift of 7W to X beginning at 6b. Denote 
pW the end point of 7W. Then pW lies over pW. 

In this way for each path 7 = 7^ from 6b to p in X\B' we have a uniquely 
determined path from 6b to pW in X\B' . Let % = 7^, z = 1,2 be paths from 6b 
to pi and 7p' ) be the corresponding path from 6b to p*f\ The path from p® to p^ is 
defined by 7^ o (7 1 ^) _1 - Hereafter, for p G X, we denote 7r(p) by p if there is no fear of 
confusion. 



Proposition 6 [76]/ VFe have 

__(_ 

dx(pi)dx(p 



P /~ ~ n 2 (^fe) -x(pi)) 2 
E{pi,p 2 ) = , , \ j / \ exp 




Remark In Fay's book [16] (pl7, formula (v)), the prime form is expressed by the right 
hand side of Proposition [6] multiplied by the term exp(^? =1 J p ^ midvj). This difference 

stems from the fact that E(pi,p2) is described on the universal covering X in this paper 
while it is described in the fundamental polygon cut out along the homology basis 
{ai,(3i} in [16]. 

For the sake to be complete and self-contained we give a proof of this proposition. 
Lemma 11 We have 

(x(w) -x{p 2 )){x{z) -z(pi)) r 



- x{p 1 )){x{z) -x{p 2 )) Js JpU 

Proof. By Proposition [1] 

r* riP \ ^ E(w,pV)E(~z,p?) 

11 77V ~ JM?/; 




P2 

Pi / i=0 



E(w,p\')E(z,p ( 2 ' 



Let us consider the right hand side of this equation as a function of w and denote it by 
F(w). By the property (iv) of the prime form, if the abelian image of 7 G tti(X, 00) is 
Yfi=i mijaii + Ya=i m 2,iPi then 

/ n-l pCO \ 

F{yw) = F(w) exp I -2ni ^2 y _ ( _ } cfo j . (47) 



j=0 
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Lemma 12 



Proof. It is sufficient to prove 



E / d«i = 0, 1 < i < p. 



E / m = °- ^ 



j=0 "'Pi 

Let us fix pi and consider the left hand side of (|48l) as a function of p%. We denote it by 
G{p2). Then G(p2) is a holomorphic function on K = X — B. At each £ Y one can 
take x-coordinate as a local coordinate around it. By differentiating G{p~2) with respect 
to the local coordinate x we get 



where p^ = (x, yW) 



Lemma 13 Let q e X and = (x,y^'). Suppose that q B. Then 

/,(•''• //° ! ) 



Et™ = °> o<^<--2- 



Proof. Let 



rt-l 



/(&>!/) = n^ _z/ 

3=0 

Since g is not a branch point, yW ^ yW^ i ^ j. For 0<&<n-2we have 

z b 

Res — — | — — <fc = 0, 

2=00 n£I(*-v w ) 

where z is a variable on P 1 . Thus, by the residue theorem on P , 



6 ,t—x / ( 

V Res = V - , = 0. 



By Lemma [13] and (jUJ) we have 

dG{p 2 ) = 0, 
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on Y . Since G(p 2 ) is continuous at each point of B, it is a constant on X. By the 
definition of the integration path G(pi) = 0. Therefore G(p 2 ) is identically zero as 
desired. | 

Let us continue the proof of Lemma [TT1 By Lemma [T2l and (|47|) F(w) is vri(X, oo)- 
invariant and can be considered as a meromorphic function on X. By comparing zeros 
and poles, 

( , x(w)-x(p2) 
x{w) — x(pi) 

for some constant C. Since F(z) = 1 

C 

which proves the lemma. | 



x(z) — x(pi) 
x(z) - x(p 2 ) 



Proof of Proposition [6l 

In Lemma [TT] take the limit z — > p\, w — > p 2 and use 

ar(u;) 

hm — = -dar(g), 

w-^g ki(w,q) 



exp| |T,) = ^M (50) 



E(w } p 1 )E(z,p 2 ) 



Then we easily get the desired result. 



5.3 Prime Function 



Let yjdug be the holomorphic section of the line bundle on X defined by the divisor 
(g — l)oo satisfying 

(\/d~u g ) 2 = du g , (51) 

^/du~ g = t 9 ' 1 (1 + 0(t)) Vlt, (52) 

where t is the local parameter ffl3l) around oo. 

Definition 3 VFe define the prime function E(p 1 ,p 2 ) on X x X by 

E{§i,p 2 ) = -E(p l ,p 2 )\J du g (p l )^J du g (p 2 ) exp J tdu " ^l^f 1 ' ^ • ( 53 ) 
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Since 

5 = S't + 5" = 5 - (g - l)oo = (g - l)oo - 5 in J(X), 

E(p 1 ,p 2 ) can be considered as a holomorphic section of the line bundle ir{C8®7T 2 C8(£)I 2 Q 
on X x X. 

By Proposition [H] and Lemma [S] we have 



2 /n-1 



fy{Pl)fy(P2) \~tJp[ l) J Pi J 

We need to put one of the variables in E(fti,p 2 ) to be 6b in order to describe the 
sigma function. Since E(pi,p 2 ) becomes zero at pi = 6b, it is defined in the following 
manner. Take the local coordinate t (fT3|) and the local frame \fd~b as above and define 



E(oo,p 2 ) = E(j> 1 ,p 2 )y/dt(p 1 )\ t ( pi)=0 , (55) 
E(6b,p) = E(6b, p) yj du g (p) exp f- J t du ■ i]ito^ 1 ■ J du^j . (56) 

Notice that E(6o,p) and E(6b, p 2 ) can be considered as holomorphic sections of 
Lq 1 £g> /*0 and Cg ® 7*9 respectively. By fl52|) and the property (iii) of E(pi,p 2 ) we 
have 



-E(p 1 ,p 2 Wdt{ Pl ) = E(^,p 2 )t( Pl y- 1 + o (t( Pl y) . 

The properties of the prime form imply those of E(pi,p 2 ) and E(6b,p). The next 
proposition follows from the properties (i) and (ii) of the prime form. 

Proposition 7 (i) E(p 2 ,Pi) — ~E(pi,p 2 ). 

(ii) As a section of a line bundle on X x X , the zero divisor of E (pi, p 2 ) is 

A + (g- l)({oo} x X + X x {oo}). 

(iii) As a section of a line bundle on X the zero divisor of E(6b,p) is goo. 
Later we shall study the series expansion of those functions (see Lemma [T6|) . 

Proposition 8 Let the abelian image 0/7 G vr 1 (X, 00) be X] m i,? a i + S m 2,«A- Then 
(1) E{p ul p 2 )/E(p u p 2 ) = (_i)W 2+ 2(V mi -^ m2) 

x exp I t (2r] 1 m 1 + 2r] 2 m 2 )( / du + w x m\ + u 2 m 2 ) 
V Jpi 

(ii) The equation (i) substituted by pi = 6c holds for E (6b, p 2 ). 
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Proof, (i) Consider 



F 1 (p 1 ,p 2 ) = E(p 1 ,p 2 )J du g (pi)du g (p 2 ). 



It is a section of the bundle n^Cs ® Tr-jXs ® 7r* 2 @- For a non-singular odd half period 

a = rat' + a" set 

rP2 

F 2 = F l /6[a}( dv), 



pi 



which is a section of the line bundle nlCs-a <8> ir%£s-a- Let 

F 2 (pi,lp 2 ) = x(l)F 2 (pi,p 2 ), 7 e 7Ti(X,oo) 
where x : ^lC^ °°) — ► C* is a representation of m(oo,X). Since 



du g 1 



^ E^iif(o)(2^i), 1 ^- 1 f- 14 



J 



is 7Ti(X, oo)-invariant, so is F|. Thus x(7) 2 = 1 an d X is a unitary representation. 
Therefore, if the abelian image of 7 is Yl m i,i a i + S ^2,iA) we have 

X(7) = exp (2m('(5' - a') mi + \5" - a")m 2 )) , 

by (jUI) and consequently 



■Fi(pi,7P2) 



^i(pi,Pa) 



^_ 1 ^2(**'mi-*«"m a ) exp ( _ 7ri t TO2Tm2 _ 27n t m 2 r dv) , (57) 



in 



by©. 
Next let 



- J du r?i ^f 1 J duj . 



(5f 



By calculations we have 

^3(^1,7^2) a, LO v r 2 , . . v , . t 



F^P\,P2) 



Pi 



P2 



x exp yKi t m 2 Tm 2 + < li\i t m 2 J dv ) . (59) 

Here we use ( 1361) . (138)) and the relation 

dv = {2uji)~ 1 du. 

Multiplying (157)) and (155)) we get the desired result, 
(ii) The statement is obvious from (155)) . (156)) and (i). 
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5.4 Algebraic Expression of Sigma Function 

We now state our main theorems of this paper. 
Theorem 1 For N > g 



E f du ) = TT^^T det(/ i fe)) 1 <, i <^. (60) 



i=l " 00 1 ii<j 



It is possible to derive a more general formula which contains Theorem [T] as a limit. 
Let N > g, pi, qi, i = 1, ...,N be points on X and fi, % = 1, ...,nN be the basis of 
L((nN + g — l)oo) defined before. Consider the function 



'AT 



JV 



/i(pi) ••• AW) /i(g! 1} ) ••• h{q [ r l) ) ■■■ fx{<& ] ) ■■■ h{<&~ 1] ) 



Notice that, for each j, F/v is symmetric in gjj , and does not depend on 

the way of labeling the points x~ 1 (x(qj))\{qj}. 

Theorem 2 Suppose that N > g. Then 

a( E / ) = Civ (61) 

i=l ^ 



riV 



M N = 



Yli<j [ E (PhPj) E (QhQj)) YlZ=i ( x (Pi) - 



C N = (-l)!"^- 1 ) ^ e ( g )^ c l^^- 1 )-I^^- 1 )("- 1 )( n - 2 )+^ n ( w - 1 )-|9^ ra ( w - 3 )^ 6 o) 



e„ = exp(27ri/n), e(r) = IIi<i<,-<n-i( e £ ~ e n) 
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Proof of Theorem [J\ 

Let G be the right hand side of (16"Uj) divided by the left hand side. Obviously G is a 
symmetric function of pi, ...,Pn- Using Proposition [8] and Proposition [7] one can easily 
verify the following properties. 

(i) G(jpi,p 2 , ...,p N ) = G(p 1 ,p 2 , ...,p N ) for any 7 e ir^X, 00). 

(ii) The right hand side of f[6"Uj) is holomorphic as a function of p\. 

Let us consider G as a function of pi, ...,p g . By (i) it can be considered as a mero- 
morphic function on the g-th symmetric product S 9 X = X 9 /S g and therefore on the Ja- 
cobian J(X). As a meromorphic function on J(X) G has poles only on £ = {o~(u) = 0} 
of order at most one by (ii). Thus it is a constant which means that it is independent 
of pi, 1 < i < g. Since G is symmetric, it does not depend on all of the variables. The 
constant is calculated in the proof of Theorem [3] (i) in the next section. | 

In order to prove Theorem [2] we have to study the properties of the function F^. 

Lemma 14 (i) Fn is skew symmetric with respect to {p-i} and {qi} respectively. 

(ii) In each of the variables {pi,qj} Fn is a meromorphic function . 

(Hi) As a function of pi F N has poles only at 00 of order at most nN + g — 1 and zeros 
at Pj (j > 2), qf (1 < k < N, 1 < % < n - 1). 

(iv) As a function of qi F N has poles only at 00 of order at most nN + g — 1 and zeros 
at qj (j >2),pf (1 < k < N, 1 < i < n - 1). 

Proof, (i) The skew symmetry in {p{\ is obvious and that in {q{\ can be easily verified. 

(ii) It is obvious that Fn is a meromorphic function with respect to pi. Let us prove 
that Fff is a meromorphic function of q%. To this end we first prove that Fn is a 
symmetric polynomial oi y(q^),...,y(q[ n ~ 1 ^). Notice that is a skew symmetric poly- 
nomial of l/(g , i 1 ' ) ),...,2/(5 , i n ~ 1 ' ) ), since fk(q^) = x{qi) a y{qf ) ) b for some a, b and permuting 
q^' , q[ n ~^ is the same as permuting columns. Thus 



is a symmetric polynomial of y(q± ),..., y{q{ ). Obviously its coefficients are polyno- 
mials of x(qi). 

Now it is sufficient to prove that any symmetric polynomial of 2/(<2 , ^),...,2/(<2 ,<n_1 ' ) ) is 
a polynomial of x(q) and y(q). Let us write 




(63) 



i<j 



n 



00 



f(x(q),y) = Y J M<d))y n - 1 = Hiv-Vi), 



i=0 i=0 
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where Aq = 1, is a polynomial of x and yi = y(q^). Then 

ei(Vo,—,Vn-i) = (-^TA(x(q)), 
where ei(ti, ...,t n ) is the z-th elementary symmetric polynomial, 

n n 

\{{t + U) =^ei(*i, ...,*„)**-*. 

8=1 j=0 

Using 

ei(z/o, Vn-i) = yoe<-i(yi, — , 3/n-i) + e i(z/i> 2/n-i), 

one can easily prove that every e^i, y n -i) is a polynomial of z/ = y{o) an d 
Thus any symmetric polynomial of y±, y n -\ is a polynomial of x(q) and 

(hi) This is obvious. 

(iv) As proved in (ii) fl63l) is a polynomial of x(qi), y(qi) and therefore its only singularity 
is oo. Let us examine the zeros of D^. 

Notice that has zeros at q\ = qj, j ^ 1 of order at least n — 1. In fact qi = qj 
implies that {q^\ • <?i™ ^} = , qf }■ Therefore -Dat has zeros of order at least 
n — 1 at q% — qj. 

In a similar manner has zeros at q\ = q^\ i ^ 0, of order at least n — 2, because, 

in this case, the number of elements in {q[ , 1 '} fl {qf\ qf 1 } is n — 2. 

Consequently the only singularity of F N is at most q% — oo. Moreover F^r has zeros 
at <Zi = J 7^ 1. The fact that Fjv is zero at qi = p^ , z 7^ can be easily verified. 

The order of poles at 00, which we denote by ordoo Fn, is estimated as 

ordoo^v < Ox-0 2 -0 3 , 

Ox = (nN + g-l) + --- + (nN + g-(n-2)), 
2 = (n-2)n{N-l), 

where 0\ is the maximal possible order of poles of D^, 2 is the order of poles of 
TljL 2 (x(qi) — x ( ( lj)) n ~ 2 an d O3 is that of Yli<j(y(l?) ~ v(Qi^))' By calculation we get 

1 -0 2 - 3 = nN + g-l. 

1 

Proof of TheoremlM The proof is similar to that of Theorem[U Let G(pi, ...,pisr\qi, qN) 
be the right hand side divided by the left hand side of (16T1) . 

The function G is 7Ti(X, oo)-invariant in each of the variables {pi, q~j} by Proposition 
[HJ Consider G as a function of pi,...,p g . By Lemma UM G can be considered as a 
meromorphic function on J{X) which has poles only on X of order at most one. Thus 
it does not depend on pi, ...,p g . Since G is symmetric in {p^} it does not depend on 
any p^. Similarly G does not depend on {qi}. Thus G is a constant. The constant is 
calculated in the next section. 1 
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5.5 The Series Expansion of Sigma Function 

In this section we study the series expansion of the sigma function using the expression 
obtained in the previous section. 

Let us use the multi-index notations like 

u a = w" 1 • ■ ■ Ug 9 , a — (an, a g ). 

We set 

9 

\ac\ = y^^Wjaj, 
i=i 

so that degw" = — |a|. 

Theorem 3 (i) The expansion of o~(u) at the origin takes the form 

o-{u) = S X (n,s)(T)\T Wi = Ui + ^a a u a , 

where a a G Q[{Ajj}] and the sum is taken for a such that \a\ > |A(n, s)\. 

(ii) In (i) a a is homogeneous of degree — \X(n, s)\+\a\. In particular a (u) is homogeneous 
of degree —\X(n, s)\ with respect to the variables {ui, Xjk}- 

(in) cr(-u) = (-l)l A ("' s )la(n). 

In the remaining of this section t denotes the local parameter around oo specified 
by flU. 

degt = —1. 



Lemma 15 (i) If we write y = X^o c *^> c o = 1; then Ci belongs to Q\{\ki}} a> n d is 
homogeneous of degree i. 

(ii) If we write dx/ f y = —t 29 ~ 2 (l + X^i ^)*^ ^ en c i belongs to Q[{\m}] and is 
homogeneous of degree i. 

(Hi) Let ti = t(pi) and 

£(pi,P2) = ( , + a O'*i*2 ) dtidt 2 . 

Then = aji, belongs to Q[{Xki}] an d is homogeneous of degree i + j + 2. 
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Proof, (i) Substitute the expressions of x, y in t to the defining equation f(x,y) = 
with / being given by (TTTT) . Then 

/ oo 

y = ^ 1+ E v ns "C£<-rn j 

\ ni+sj<ns r=0 

If we write 

oo oo 

1+ yi K^-^c^^y =H H ^ b ° =i ' ( 64 ) 

ni+sj<ns r=0 i=0 

then each hi is a polynomial of ci,...,q_i and {Afc;} with the coefficients in Q, since 
ns — ni — sj > 0. 
In the expansion 

OO OO / i \ oo 

E^) 1/B = i+E( i n )(Ew> ( 65 ) 

i=0 j'=l ^ ^ i=l 

the coefficient of t r is a polynomial of b\, b r with the coefficient in Q and consequently 
is a polynomial of c\, c r _i, {A^} with the coefficient in Q. Thus the equation 

oo oo 

E^ = (E^) 1/B ( 66 ) 

i=0 i=0 

implies that c r G Q[ci, ...,c r _i, {Xh}} for r > 1. This proves c r E Q[{\h}}- 

Next let us prove deg q = / by the induction on I. The case / = is obvious. Suppose 
that / > 1 and degQ = i for % < I — 1. Then the equation (I64p to determine fy, i < I 
can be written as 

i-i i 

1+ \jt ns - ni - sj {J2c r t r y = mod. (t l+1 ). (67) 

ni+sj<ns r=0 i=0 

Since the left hand side of (16TI) is of degree by the induction hypothesis, deg&j = i for 
any i < I. Similarly the equation fl66l) determining c\ from bx, ...,bi can be written as 

i i 

J2cif = (J^) 1/n mod. (t' +1 ) (68) 

The right hand side of this equation is of degree 0. Thus degQ = I. | 

(ii) This easily follows from (i). 

(iii) By the property ([9]) for Q, 

^ dt\dt2 
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is holomorphic near {00} x {00}. Thus it is possible to expand it as 

£(P1,P2) ~ fa-tl)2 = I S a ii t \ t3 2 ) ^1^2- (69) 



Let us prove that homogeneous polynomial in {Xki} of degree 2 + i + j. 

Since a}(pi,p 2 )(^i — h) 2 is holomorphic near {00} x {00} one can write 

00 

i,j=0 

We first prove 6^ G Q[{Aw}]. 
Using 



f x dx + f y dy = 0, (xx - x 2 ) 2 = (hhy^W - t») 

we see that 



,n + nx2 U . N2n r> dx(p 1 )dx(p 2 ) 



fy(Pl)fy(P2 



for some homogeneous polynomial P in xi,yi,X2,y2, {^ki} with the coefficient in Q of 
degree 2s (n — 1). By (i), (ii) one can write 



B(pi,P2)(f?-t?) 2 



( Mi*2 ) <*M*2, & ii e Q[{*«}]> deg b {j = -2n + 2 + 2 + . 



Since the left hand side is holomorphic, the summation in the right hand side is in fact 
taken for i, j > 0. Therefore one can write 

(q - (*? - t n 2 f = ^£ dhdt 2 , 

where Cy G Q[{Ah}] and degcy = — 2n + 2 + i + j. By (1591) we have 

00 00 

(A — A) a ijt\^2 = C i?'^1^2> 

ij'=0 M=0 

which is equivalent to 

djj — 2aj +nj _ n + Oj+2n,j-2n = Q+2n,j- (70) 

Here we set ay = if i < or j < 0. 

Define (z, j) < (k, I) if and only ifi + j<k + loii+j = k + l and j < I. It defines 
a total order on the set > 0}. The equation ( 1701) expresses ay as a linear 

combination of a^ with (A;, Z) < (z, j), k + I = i + j and {c rs } with r+s=z+j+ 2n. 
Since a^o = QH-2n,cb an y a «i is a linear combination of {c rs } with r + s = 2n + i + j. 
Thus ay is in Q[{A^}] and is homogeneous of degree 2 + i + j. a 
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Lemma 16 (i) The expansion of E{p\,p2) near (do, do) is of the form 

i+j>i 

where Cij is a homogeneous element in Q[{Xki}] of degree i + j. 
(ii) The expansion of E(6o,p) near 60 is of the form 

00 

where c j is the same as that in (i). 

proof, (i) Using the definition, property (iii) of the prime form and (152|) we have the 
expansion of the form 



E(pi,p 2 ) = (ti -t 2 )(t 1 t 2 y-\i + c */i t; 

i+j>i 



In order prove that has the required properties we use fl54l) . The right hand side of 
( 154p is calculated in the following way. 

Let e n = exp(2ici/n). Since x(p^) = x(p) = l/t n , we take = e~ l t as a local 
parameter of p^ by rearranging i of p (i) if necessary. Then 



<pf) = y{pf) = ^(1 + ■ ■ ■ ) = //(/'/,; , , • 



Using these local parameters we get 

\ i=i J pi j pi 



,2 ( tit2 ) ra 1 exD fv v — (Ct (i V +1 - (t (i V +1 W +1 - t l+1 ^ 



and 

\2 



(x(p 2 ) -s(pi))' 



^(tit 2 )^ x (t?-^) a n(i+f;^) 

j=l \ i=l / 



/»(Pi)/»(Pa) n 

where is that in Lemma fT5l (ii). The assertions for c^- follow from these expressions 
and Lemma [151 1 

Proof of Theorem [3j 



34 



(i), (ii): Let U = t(pi). By Lemma [T6l we have 



Ui<iE{Pi,Pj) 



-(1 + 



~ Ck - 

-+k N >l 



■ k N L l 



,k N \ 
N i 



where c kl ...k N e Q[{A fc /}] and degc fcl ... fejv = By (USD we have 

(/i(*),...,/vW) 

= (i, ^(i + o(t)), ^(i + o(t)), ^(i + o(t)), — ^(1 + 0(t))), 

where all parts are series in t with the coefficients in Q[{Afc;}] and are homogeneous 
of degree with respect to {t, \ k[ }. Using Lemma [T] we get 

(N + g-l,...,N + g-l) + (0, -w*, .., -w* g , -2g, ...,-(N + g- 1)) 

= (A(n, s)i, A(n, 0, 0) + (JV - 1, JV - 2, 1, 0). 

Let us denote the partition (A(n, s), O^ -5 ) by \( N \n,s). Then 

Y[~ l (I _ + \ det(/i(tj))i<j,j<AT = s A (iv) (ns )(ti, ...,tjv) + / J Cki...k N 1^ 1 ■ ■■t'x, (71) 

where c kl ...k N £ Q[{Afc/}], deg c kl ...k N = — |A(n, s)\ + an d the summation is taken 
for fcj's satisfying > |A(n, s)|. 
By (TIB]) we have 

/ = — + 2^ Cij^^S Cjj e Q[{A H }], deg Cij = j. 

Joe w i j =1 

Let 



Z^=i S' 



Then T 1; ...,T/v are algebraically independent and become a generator of the ring of 
symmetric polynomials of t±, ...,£jv with the coefficients in Q, 



t u ...,t N ] SN = Q[T U ...,T N }. 
Moreover if we prescribe degrees for ti and Tj by 

degti = -1, degTj = -i, 
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a symmetric homogeneous polynomial of ti,...,tjf of degree k can be uniquely written 
as a homogeneous polynomial of Ti, ...,T N of degree k. 
We have 

N „p fc oo 

Ui = ^2 dui = T Wi + }Xwj + j)cijTj 

k=l Jo ° j=l 

= T Wi + c h ...k N T^---T^, (72) 

where c kl ...k N € Q[{hi}], deg, c kl ...k N = ~m + J^jkj and the second expression is 
unique. 

Let us take N > 2g — 1 = w g . Then T Wl ,...,T Wg are algebraically independent. We 
denote the right hand side of flSUj) by F(pi, ...,p N ). By Theorem [T] the series expansion 
of F in ti, tjsi can be rewritten as a series in %, w g . 

Let 

F(pi,...,pjv) = s X (N ){niS) (t 1 ,...,t N ) + ^F_ k (73) 
be the homogeneous decomposition of the series in ti and 

F( Pl ,..., PN ) = J2 F -d (74) 

d>0 

the homogeneous decomposition of the series in Ui, where in (!73|) the sum in k is taken 
for A; > |A(n, s)\. Let c?o be the smallest integer such that F^d ^ 0. Write 

Then 

£-*(«) = ^h~iA--- T l 3 g + E c M..-k N Tt---T* N , (75) 

for some constants, with respect to Tj's, c£. fcjv . By comparing (1731 with (1751) we have 
d = |A(n, s)| and 

Cdo;h...l g T 1 ^ ■ ■ - T^ = S A (jv)( n)S )(ti, ...,tjv). 

Since 

by (jlDj) and (H2"j) and T Wl ,...,T Wg are algebraically independent, we have 

F-d (u) = E ^OS'i-'Xl " ' U 9 = 5 A(n, S )(T)| T ^=^. 
J] liU>i=do 
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For d > do one can write 

with bd-i 1 ...i N G Q[{Afc^}] and deg&<^i...% — — + d. Comparing this with the expression 
of F_d{u) and using the algebraic independence of Ti,...,T/v, we see that is a 
polynomial in {u{\ with the coefficients in Q[{Afc/}] which is homogeneous of degree 
—d with respect to {ui,Xki}. Consequently the equation fl60|) holds and (i),(fi) of 
Theorem [3] is proved. 

(iii) Since Riemann's constant t5'+5" is a half period, <j(u) is even or odd by Proposition 
[5] and (jlj). Thus the relation in (iii) follows from Proposition H] (iv). | 

Calculation of in Theorem^ 

We set tu = t(pi) and t 2 i = t(qi). We take the limit q~i — ► 6b, z = 1,...,N. Since 
we know that Fjy is holomorphic in g"j by the already proved part of Theorem El we 
can calculate the limit by taking the limits £21 ~~ > 0, £22 ~^ 0,... t%N — > in this order. 
Therefore we assume |i 2 i| < ■ • • < |^2jv| an d expand everything first into Laurent series 
in £ 2 i and take the top term of the expansion. Next we expand this top term in £ 22 and 
so on. Below, if we simply write A + • ■ • , then it means such an expansion. Let us carry 
out such calculations. 

We have 

D N = (_i)3("-i)tf(tf-i) e -3^ -1 )-2^(^ 

TV 

xe(l)» dettffo))^ J] 4- 1)( - 1)2 - E - + • • • . (76) 

3=1 

By Lemma [16] (i) we have 

m n = (-if Otifa^r^ n^=ifa - ^) (1 ( lar term)) (77) 
n,^(*ii-*ii)(**-^)-n5=i(«&-^) 

By calculation 

F N /D N = (-l)^(N-l)(n-2) e{s) -N 

(V\ N to-M^-^n^J+sC"- 1 )^- 2 )* 

X Ult=1 n ^ ^ + ^ egUlar term )) • ^ 

LLi<j\ L 2i L 2j) 

Let if 7v be the product of F^/D^ and Mat. Then 

\N , \N+g-l 



H N =(-l)^ N ^e(s)- N ^^ 



j-j-^-(i-l)(n-l) 2 +nAf+ 9 -l+(/V-l)n(n-2)+|(n-l)(n-2) S _^ ^ 



X 
i=l 
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Multiplying (176|) and (!79j) we have 

= C^ 1 fr ^ det(/ i (p J -))i<M<iv + 

ILxj^li _ Hj) 

Thus, by ( I7TT) . in the limit t 2 i — > 0,..., /^jv — » we get 



MpfFjsr — C N l s A (jv)( n)S )(ti, t/v) + • • ■ 
= C^ 1 ^(^^(T)!^.^. H , 

where in the last + • • • part is a series in tu, i — 1, iV. 1 
5.6 Example— g = 1— 

We take /(x, y) = — x 3 — Ai x — A o, that is, we set A 2) o = A i = An = 0. In this case 
Cij-ki satisfying (ii) of Proposition [2] is unique, c o ; io = 1 and other Qj.^'s are all zero. 
Then 

-v v , / 2/1+2/2 t A , dx 1 x 2 dx 2 

u(Pi,P2) = d P2 —— -dx x + 

\2y l {x l -x 2 ) J 2y l 2y 2 

2ym + x x x 2 {xi + x 2 ) + Ai (xi + x 2 ) + 2A 00 , , 
= - dx x dx 2l 

and 

, dx , xdx 

du\ = , dri = . 

2y' 2y 

Theorem [2] gives 

where in the right hand side the square root and the value of the exponential part should 
be appropriately specified. Notice that p^ = (x, —y) for p = (x, y) . One can transform 
the defining equation of the elliptic curve to Weierstrass form 

Y 2 = 4X 3 - g 2 X - 03, 

by 

X = x, Y = -2y, g 2 = -4Ai , 93 = -4A 00 - 

The sigma function in this case coincides with that of Weierstrass. Let p(u) be the 
Weierstrass elliptic function. The symplectic basis dui, dr\ are transformed to 

dX , XdX 
du = — , dr = 
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and Q becomes 



2Y 1 Y 2 + 4X 1 X 2 (X 1 + X 2 ) - g 2 (X 1 + X 2 ) - 2g 3 

" ~ AYM^-Xrf dXldX2 

= piy 2 - vi)dvidv 2 , 



where 



Vi= I du. 

' CO 

The formula for the sigma function becomes 



This formula coincides with that given by Klein [18J. 



5.7 Example- Hyperelliptic Case- 
Consider the case 



2.y 



i=0 

We set A 29+ i, = 1- One can take c il>0 . >i2)0 = (i 2 - ii)X h+i2+2fi for < % x < g - 1, 
ii + 1 < i 2 < 2g — ii and all other Ci Ui; j 2 j 2 to be zero. Then P [2] 

2/i + 2/2 



lo = d, 



l>2 



S ^2dui{pi)dr i (p 2 ) 



and 



2j/ 1 (xi-x 2 ) / j 

2yi2/2 + ELo x i4 ( 2 Vo + A 2 i+i,o(xi + g 2 )) 
Ayiy 2 (xx - x 2 ) 2 

x 9 ~ l dx 



dxidx 2 , 



dui 
dn 



22/ 

9+i 



/] (k - g + i)\ k+g+2 -i t[ 



x dx 



i=g+l—i 

Set pi = (xi,yi) and = (Xj,Kj). The formula of the sigma function is given by ( 161 
with 



1 N 



1 



1 1 

xn Xi 



1 

X N 



x\ 




xi 


Y 9 


2/i ■ 


2/jv 


-Y x ■■ 


■ -yjv 




x N 


Xf +1 •• 




^i2/i • 


■ xnVn 


-XiYx ■■ 


• — XnYn 
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and 



This is Klein's formula [T8| [19] 

6 Concluding Remarks 

In this paper we have established the formula for the sigma function associated to a 
(n, s)-curve X in terms of algebraic integrals. Some properties of the series expansion 
of the sigma function are deduced from it. Namely it is shown that the first term of the 
expansion becomes the Schur function corresponding to the partition determined from 
the gap sequence at infinity and the expansion coefficients are homogeneous polynomials 
of the coefficients of the defining equation of the curve. 

The building block of the formula is the prime function. It is a multi-valued function 
on X x X with some vanishing property and has the same transformation rule as that 
of the sigma function if one of the variables goes round a cycle of X. Remarkably, in 
the case of hyperelliptic curves, Onishi [23] has constructed a function with the same 
properties as a certain derivative of the sigma function. By the uniqueness of such 
a function they coincide. In general it is expected that the prime function can be 
expressed as a derivative of the sigma function. 

Fay's determinant formula ((43) in [TB] ) expresses Riemann's theta function in terms 
of prime form and some determinant. To get a formula of the sigma function one needs 
to take a limit sending some parameter to a singular point of the theta divisor. To this 
end one has to know the structure of sigularities of the theta divisor. So it is difficult 
to get the formula of the sigma function by taking a limit of Fay's formula in general. 
We have avoided this task and directly constructed a formula of the sigma function. 
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